MATHEMATICAL LOGIC HOMEWORK 6

Due Monday April 15.

Let ¢prov—1(€) be the formula in the language of arithmetic which states
that e codes a formula ¢, and T F ¢.. Also for a formula ¢, "¢ denotes
the G’odel number of ¢

Problem 1. Determine which of the following is true of false for an arbi-
trary sentence T, and prove your answer.

(1) If PAF 7, then PAtF ¢prop—pa("77).

(2) PAFT = ¢prov—pa("77).

(3) PAL (Z)pmv_pA(rT—') — T.

Problem 2. Show that if ¢ is II;, then PA 4+ Conpa("¢") = ¢. Here
Conpa("¢") is the formula stating that PA does not refute ¢ i.e. =¢prop—pa("¢7).

Problem 3. Suppose f : N = N is total recursive. Prove that A =], W)
1S T.€.

Problem 4. (a) (Reduction) Suppose that A, B are r.e. sets. Prove that
there are disjoint r.e. sets Ag, By, such that Ay C A, By C B, and AgUBy =
AU B.

(b) (Separation) Suppose A and B are disjoint I1{ sets. Prove that there
is a recursive set C, such that A C C and C'\ B = 0.

Problem 5. Prove that {e | W, # (0} is X{ complete.



